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Abstract. Following the work of Duistcrmaat-Singer [DSI on isomorphisms 
of algebras of global pseudodifferential operators, we classify isomorphisms 
of algebras of microlocally defined semiclassical pseudodifferential operators. 
Specifically, we show that any such isomorphism is given by conjugation by A = 
BF, where B is a microlocally elliptic semiclassical pseudodifferential operator, 
and F is a microlocal h-FIO associated to the graph of a local symplectic 
transformation. 



1. Introduction 

In the study of pseudodifferential operators on manifolds, there are two impor- 
tant regimes to keep in mind. The first is a global study of pseudodifferential 
operators defined using the local Fourier transform on the cotangent bundle. If 
X is a compact smooth manifold and T*X is the cotangent bundle with the local 
coordinates p = [x, £), we study pseudodifferential operators with principal symbol 
homomgeneous at infinity in the £ variables. Let Y be another compact smooth 
manifold of the same dimension as X, and suppose there is an algebra isomorphism 
from the algebra of all pseudodifferential operators on X (filtered by order) to the 
same algebra on Y, and suppose that isomorphism preserves the order of the opera- 
tor. Then Duistermaat-Singer |DS| have shown that this isomorphism is necessarily 
given by conjugation by an elliptic Fourier Integral Operator (FIO). 

The other setting is the semiclassical or "small-ft." regime. One can study globally 
defined semiclassical pseudodifferential operators, but many times it is meaningful 
to study operators which are microlocally defined in some small set (see ^2] for 
definitions). Then we think of the h parameter as being comparable to in 
the global, non-scmiclassical regime. Thus the study of small h asymptotics in 
the microlocally defined regime should correspond to the study of high frequency 
asymptotics in the global regime. We therefore expect a similar result to that 
presented in [DSj , although the techniques used in the proof will vary slightly. 

Let X be a smooth manifold, dimJT = n > 2, and assume U C T*X is an 
open set. Let Y be another smooth manifold, dimT = n, and let V C T*Y . 
Let \E ,0 / , J' _oo (£/) denote the algebra of semiclassical pseudodifferential operators 
defined microlocally in U filtered by the order in h, and similarly for V (sec ||2]for 
definitions) . 



Theorem 1. Suppose 



g : * /*-°°(£/) -> * /*-°°(l/) 
l 
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is an order preserving algebra isomorphism. For every U <e U open and precompact, 
there is a symplectomorphism 

k:U -> k{U) 

and ho > such that, if F is the h-FIO associated to k, for all < h < hg and all 
P G ^°/^-°°(U) we have 

(1.1) g(P) = BFPF^B' 1 microlocally in k(U) x k(U), 

where B G \&°(V) is elliptic on k(U). 

To put Theorem [I] in context, we observe that every algebra homomorphism of 
the form is an order preserving algebra isomorphism, according to Proposition 
1231 in jgl 

Automorphisms of algebras of pseudodifferential operators have also been studied 
in the context of the more abstract Berezin-Toeplitz quantization in [Zelj . 

Acknowledgements. The author would like to thank Maciej Zworski for sug- 
gesting this problem and many helpful conversations. This work was started while 
the author was a graduate student in the Mathematics Department at UC-Berkeley 
and he is very grateful for the support received while there. 

2. Preliminaries 

Let C°°(T*X) denote the algebra of smooth, C- valued functions on T*X, and 
define the global symbol classes 

S m (T*X) = {aEC°° ((0,h a } h ;C°°(T*X)) : \8 a a\ < C a h- m ) . 

We define the essential support of a symbol by complement: 

ess-supp h (a) = 

= C {(jc,£) € T*X : \d a a\ < C a h N VN and V(a/,0 near (.t,£)} • 

By multiplying elements of S m (T*X) by an appropriate cutoff in C%°(U), we 
may think of symbols as being microlocally defined in [/, and define the class of 
symbols with essential support in U 

S m {U) = {a eC°°((0, l] h ;Cf(C0) : \d a a\ < C a h- m } . 

We write S rn = S m (U) when there is no ambiguity. We can think of elements of 
S m as formal power series in h: 

oo 

a(x,£,;h)= h j aj(x,^;h), 
j=—m 

where each a 3 is in C^°(U) and has derivatives of all orders bounded in h. 

We have the corresponding spaces of pseudodifferential operators ^ m (U) acting 
by the local formula (Weyl calculus) 

OpE(o)«(aO = J J a (^.fcft) e^-y^ h u(y)dydi. 

For A = Op^(a) and B = Op^(b), a G S m , b G S m ' we have the composition 
formula (see, for example, the review in |DiSj| ) 

(2.1) AoB = Op%(a#b), 
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where 

(2.2) S m+m ' 3 a#b(x, := e ^(^ D i< D v^) ( a ( X) ,,)) 



x = y 
S = V 



with w the standard symplectic form. Observe # preserves essential support in the 
sense that if ess-supp h(a) fl ess-supp /j(i>) = 0, then a#fe = 0(h°°). We define the 
wavefront set of a pseudo differential operator A = Op ™ (a) as 

WF h (A) = ess-supp h (a), 

so that 4 ,m (/7) is the class of pseudodifferential operators with wavefront set con- 
tained in U. We denote 



*°([/) := |J # m ([f) and 
®-°°(U) := p| *"'([/). 



rnGZ 

We will need the definition of microfocal equivalence of operators. Suppose 
T : C°°(X) -» C°°(X) and that for any seminorm || • |ji on C X (X) there is a second 
seminorm || • || 2 on C°°{X) such that 

\\Tv\\ x = 0(hr M *)\\v.h 

for some Mq fixed. Then we say T is semiclassically tempered. We assume for the 
rest of this paper that all operators satisfy this condition (see |EvZw| Chap. 10] for 
more on this). Let U, V C T*X be open pre-compact sets. We think of operators 
defined microlocally near V x U as equivalence classes of tempered operators. The 
equivalence relation is 

T~T' A(T - T')B = £>(h°°) : V (X) -> C°° (X) 

for any A, B G *°'°(X) such that 

WF h (A) C V, WF h (B) C U, with V, U open and 

V <e V (g u m u (g r*x. 

In the course of this paper, when we say P = Q microlocally near [/ x we mean 
for any A, B as above, 

APS - AQB = L 2^ L 2 (h°°) , 

or in any other norm by the assumed pre-compactness of U and V . Similarly, we 
say B = T^ 1 onV xV if BT = I microlocally near U xU and TB = I microlocally 
near V x U. Thus 

* /*-°°(l7) 

is the algebra of bounded semiclassical pseudodifferential operators defined microlo- 
cally in U modulo this equivalence relation. It is interesting to observe that this 
equivalence relation has a different meaning in the high-frequency regime. There, 
\g-°°(X) corresponds to smoothing operators, although they may not be "small" 
in the sense of h — ► 0. 

We have the principal symbol map 
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which gives the left inverse of Op ™ in the sense that 

a h oOp^: S rn (U) -> S m /S rn - 1 (U) 

is the natural projection. 

We will use the following well-known scmiclassical version of Egorov's theorem 
(see [ChTj [Ch2] or [EvZwj for a proof). 

Proposition 2.1. Suppose U is an open neighbourhood of (0,0) and n : U — > U is 

a symplectomorphism fixing (0,0). Then there is a unitary operator F : L 2 — > L 2 
such that for all A = Op™ (a), 

AF = FB microlocally on U x U, 

where B = Op ¥ (b) for a Weyl symbol b satisfying 

b = K*a + 0{h 2 ). 

F is microlocally invertible in U x U and F~ l AF = B microlocally in U x U . 

Observe that Proposition ^. ll implicitlv identifies a neighbourhood U with its co- 
ordinate representation. To make a global statement, we use the following Lemma. 

Lemma 2.2. Let U X ,U 2 C R 2n be open sets with iJ^C/^C) = {0}, j = 1,2. 
Assume V := Ui D U2 7^ and let U be a neighbourhood of U± U XJi- Suppose 

k : U — ► k(U) C R 2n 

is a symplectomorphism and let Fj be the quantization of K\u j; j = 1,2, as in 
Proposition \2.1i Then 

F1F2 = id + 0(h 2 ) microlocally near n(V) x n{V) and 

F*F 2 = id + 0(h 2 ) microlocally near V x V 

as pseudodifferential operators. 

Proof. From |Ch2| Corollary 3.4] we can for < t < 1 find a family of sym- 
plectomorphisms n t : M. 2n — > R 2n , a Hamiltonian q t , and linear operators Fj(t) : 
L 2 {W l ) L 2 (R n ), j = l,2 satisfying: 

K = id, ^llnoigh(V) = K i 

and if Qt = Op (qt) is the quantization of qt, the Fj satisfy 
hD t Fj{t) + Fj(t)Q(t) =0, (0 < t < 1) 

and Fj(0) = id + 0(h 2 ) as a pseudodifferential operator. The adjoints satisfy 
hD t F*(t) - Q{t)F*(t) =0, (0 < t < 1) 

F*(1) = F*, 

and Fj(0) = id + 0(h 2 ) as a pseudodifferential operator. A calculation shows 

FiF 2 * and F% are constant. The conclusion of the Lemma holds at t = 0, so it 
holds at t = 1 as well. □ 

The next proposition is a more global version of Proposition 12.11 
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Proposition 2.3. Suppose U C T*X is an open set and k : U — > kU is a sym- 
plectomorphism. Then for any U (e U open and precompact, there is a linear 
operator F : L 2 (X) — > L 2 (X), microlocally invertible in U x k(U) such that for all 
A = Op™(a), 

F* AF = B microlocally in U x U, 
for B = Op ^(fe) for a Weyl symbol b satisfying 

b = K *a + 0(h 2 ). 

Proof. The idea of the proof is to glue together operators from Proposition ^. II with 
a partition of unity. Let 

j 

be a partition of unity of U so that H 1 (supp Xj, C) = {0} for each j. Let Uj = 
suppxj D U, Vj = n(Uj), and let Fj be the quantization of k\u- as in Proposition 
O Set F = ZjFjXf, where X f = Op£(x,-), so that F* = £ fe x£F fc *. Wc first 
verify: 

= 1 + 0(h 2 ) 

microlocally on U since U is covered by finitely many of the UjS. Further, 

FF* = J2 F ^7XkFk 

j,k 

= J2 P((^ 1 yx ] +O 3 (h 2 ))F,F^0p(( K - 1 rxk + O k (h 2 )) 
= 1 + 0(h 2 ) 

as above. Hence F* is an approximate left and right inverse microlocally on U x k(U) 
so F is microlocally invertible. 

Now for each j, choose Xj G C^°(T*X) satisfying X j = 1 on supp Xj with support 
in a slightly larger set so that 

J2xj<ConU, 

j 

for C > fixed. We calculate for A = Op^(a): 

F*AF = Y,XkFZAF jX J 

i,k 

where Bj = Op™(&j) for a symbol 

bj = (K*a + 0(h 2 ))x3. 
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Then from Lemma 12.21 we have 

(2-3) F*AF = xZBjil + O j>k {h 2 ))x™> 

j,k 

and since we can cover U with finitely many of the Uj, the error in (|2.3[) is 0(h 2 ) 
microlocally on U and the Proposition follows. □ 

Remark. This notion of quantization of symplectic transformations is a construc- 
tive version of the more general definition due to Hormandcr-Melrose |Horl[ IHor2[ 
IMelj as an integral operator with a distribution kernel supported on the Lagrangian 
submanifold associated to the symplectic relation (see also [Duij and the recent 
semiclassical treatment in | Ale) ) . 

Let Y be another smooth manifold of the same dimension as X, and let V C T*Y 
be a non-empty, pre-compact, open set. We say 

g ; * /*- oo ([/) _> #°/#-°°(y) 

is an order preserving algebra isomorphism (of algebras filtered by powers of h) if 

g(V m (U)) = $> m (V), fl _1 (* m (\0) = * m (f7), 
and for every A, A' e * m ([/), B € $ m '(U), 

g(A + A') = g(A)+g(A') mod *-°°(V), 
g(AB) = g(A)g(B) mod (V). 

3. The Proof of Theorem Q] 
We break the proof of Theorem [T] into several lemmas. 
Lemma 3.1. The maximal ideals of S° /S~ l (U) + C are either of the form 

(3.1) M p := {p G SP/S-^U) : p(p) = 0, p £ U) , 
or 

(3.2) X 9[/ := C C °°(C/) + 0(/i oo )C oo ([/). 

Proof. Clearly for each p G U, M. p is a maximal ideal. Also, Aieu is maximal, 
since any ideal M satisfying 

Mdu c M 

must contain a constant, and therefore is equal to S° / 'iS -1 (U) + C. Suppose M. is 
another maximal ideal which is not of the form (|3.ip for any p £ U. Then for each 
point p £ U, there is a p 6 M. such that a p (p) ^ 0. Further, by multiplying by a 
(positive or negative) constant if necessary, we may assume for each p there is a 
neighbourhood U p of p such that a p \jj- > 1. Let a(x, £) 6 J^Adu, an d let 

/v = css-supp ft (a) (e {/. 
As if is compact, we can cover it with finitely many of the U p , 

K CU P1 U---l)U Pm , 

and 

m 
3=1 
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satisfies b > 1 on K. Thus a/b E Mou implies 

a=Q>eM. 

Thus Mou C M. But .Mac/ is maximal, so either .M = Mgu or X = S Q /S~ 1 (U) + 
C. □ 

The following three lemmas arc a semiclassical version of [DS with a few modi- 
fications to the proofs. 

Lemma 3.2. Suppose g : ty /^~°°(U) — > *f>° /*f>~°°(V) is an order preserving 
algebra isomorphism. Then there exists a diffeomorphism k : U — > V. 

Proof. We first "unitalize" our algebra of pseudodiffcrential operators by adding 
constant multiples of identity. That is, let 

S m (U) = {a€C°°((p,l] h ;CZ>(U)+C) : \d a a\ < C a h- m } , 

and let i $ m (U) = OP<S m (J7). We extend g to an isomorphism 

g : *°/*-°°([/) -» q /y-°°(V) 

by defining for CeC and P e V°(U) 

g(C + P) :=C + g(P). 

Observe g induces an algebra isomorphism 

50 :S Q /S~ 1 (U)^S°/S- 1 (V). 

Since go takes maximal ideals to maximal ideals, we can define a map 

K : U -> V. 

First note that since g : C™{U) -> C^(V), 

9o(M du ) = Mqv- 
Then for general p S U, define k : U — > V by 

.9o(-M P ) = .M«(p). 

By applying ^q -1 , we immediately see k is bijective. 
Now for p G <S°(E/) and p & U, observe 

p-Kp) • 1 e Alp 

implies 
Thus 

ff(p) ( K 0)) = P(P) 

for every p £ U implies 

fl(p) ^FK" 1 . 

For each p S {/, let (ai, £) be local coordinates for X in a neighbourhood of p 
which does not meet dU . Choosing a suitable cutoff \p equal to 1 near p, the Xp x j 
and Xp£k are approximate coordinates near p: 

XpXj,X P £k E S°(U) for all j, k; 
XpXj = Xj, Xptk = £fc near p. 
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Thus 

(xpx^on- 1 eS°(V), 

and similarly for Xp£,j f° r ai l 3- Composing with inverse coordinate functions in a 
neighbourhood of k(p) implies k~ 1 is smooth on U. The same argument applied to 
g~ 1 shows k is smooth on V, hence a diffeomorphism. □ 

Lemma 3.3. The diffeomorphism k constructed in Lemma \3.%\ is symplectic. 

Proof. Observe \E ,0 /\E ,_oo (i7) is a Lie algebra with brackets ■], and g induces 

a Lie algebra isomorphism with '5° /^/~ oa (V). S°(U) is a Lie algebra with brackets 
{•, •}, hence go is a Lie algebra isomorphism t S°/ t S _1 (C7) — > iS°/iS _1 (y). Let a,b € 
S°(U) and calculate 

5o({a,H) = {.9o (a),: #)}, 

or 

({a, 6}) o = {a o ft - , b o k -1 }. 

Letting a and 6 run through local approximate coordinates implies k _1 is symplec- 
tic. □ 

Now fix U <e U, and let 

F : L 2 (X) -> L 2 (Y") 

be the /i- Fourier integral operator associated to as in Proposition ^. 31 We define 
an automorphism of /ty~°°(U), gi, by 

(3.3) 9l (P) = F- 1 g(P)F 

Observe g\ is both order-preserving and preserves principal symbol. 
Lemma 3.4. Suppose 

is an order-preserving automorphism which preserves principal symbol. Then there 
exists B G ^ (U), elliptic on U such that 

(3.4) gi (P) = BPB,- 1 mod 0{h°°) 
for every P G *°/* _ °°(t / )- 

Proof. The proof will be by induction. We drop the dependence on U since the 
lemma is concerned with automorphisms. Suppose for I > 1 we have for every m 
and every P G ^f m 

gi(P) - P E $ m ~ l ■ 

This induces a map 

P : S rn /S m - 1 -> 5 m_l /5 m ~ , ~ 1 , 
which, using the Weyl composition formula (|2.ip . satisfies 

(i) /3(w)=/3(p)«+p/3(g); 

(ii) /?({?, ?}) = {/3(p),?} + {p,,9(?)}. 

Consider the action of (3 on 5°, and observe from property (i) above, for p, q G 5°, 
P( P q)=f3(p)q+p(3(q)eS- 1 , 
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so (3 is h l times a derivation on 5°. 

For any p 6 U, we choose coordinates (x, £) near p, and a cutoff \ p which is 
equal to 1 near p and compactly supported in U. Then Xp x j an d Xp£j become 
approximate coordinates which are equal to Xj and £j near p but are in 5°. Near 
p, [3 takes the form 

i 

where jj = 0(xp x j) an( i $j = 0(Xp£j)- Using property (ii) above, we have near p 

P({XpXj,X P tk}) = P{{x P x ,XpXk}) = P{{x P tj>Xp€k}) = 
which implies 

dx k d£j ' dx k dxj ' d£ k d£j ' 
Thus there exists a locally defined smooth function / such that 

and locally 

h~ l (3 = H f . 

Define a smooth function 6 by 

6 = exp(-ix/), 

for a cutoff x which is identically 1 on U with support in U, so that df = idb/b on 
U, and locally 

= h Hn og b- 
Let B = OpJf(6) and observe the principal symbol of 

B^PB - P = B~\P,B\ 

in the S°(U) calculus is 

-b~ x {p, b} = hH llogb (p). 
i 

For the base case of our induction, if P £ S m (U), then 
gi(P)- B~ l PB eS m - 2 (U), 

so that 

Bg 1 {P)B- 1 - P e S m - 2 {U). 

Replace gi(P) with Bg\B~ l . 

Now for the purposes of induction, assume 

g 1 (P)-PeS m -\U), 

and apply the above argument to get Bi £ S~ l so that 

9l (P)-Bf 1 PB l eS m - l - 1 (U). 
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Then replacing gi{P) with Big\{P)B l 1 finishes the induction. Thus there exists 
B G S°(U) so that 

Bg 1 {P)B- 1 = P mod 0{h°°). 

□ 

Theorem Q] now follows immediately from applying Proposition 12 . 1 1 to (|3.3|) and 

□ 
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